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Abstract
We prove: if .xij / is an m  n matrix with non-negative real entries, which are not all equal
to 0, then
 6
m
Pm
iD1
Pn
jD1 xij
2 C nPnjD1 (PmiD1 xij 2Pm
iD1
Pn
jD1 xij
2 C mnPmiD1PnjD1 x2ij
;
with the best possible lower bound
 D m C n
mn C min.m; n/ :
Our theorem complements a result of E.R. van Dam [Linear Algebra Appl. 280 (1998) 163],
who established that in the case of real entries the best possible upper bound is equal to 1.
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Inspired by a result from graph theory, van Dam [2] discovered the following
interesting matrix inequality.
Proposition 1. Let .xij / be an m  n matrix with real entries, which are not all
equal to 0. Then we have
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m
Pm
iD1
Pn
jD1 xij
2 C nPnjD1 (PmiD1 xij 2Pm
iD1
Pn
jD1 xij
2 C mnPmiD1 PnjD1 x2ij
6 1: (1)
The sign of equality holds in (1) if and only if there exist vectors y D .y1; : : : ; ym/
and z D .z1; : : : ; zn/ such that xij D yi C zj for i D 1; : : : ;m; and j D 1; : : : ; n.
Van Dam pointed out that (1) contains the classical Cauchy inequality for vectors
as a special case. In fact, if we consider the m  2 matrix .x;−x/, then (1) yields 
mX
iD1
xi
!2
6 m
mX
iD1
x2i :
Moreover, it is shown that Cauchy’s inequality, applied to a special vector, can be
used to give an elegant proof of (1). Proposition 1 implies the following inequality
for zero–one matrices, which is also given in [2].
Proposition 2. Let X be an m  n .0; 1/-matrix with row sums ri ; column sums cj ;
and entries summing to  . Then we have
m
mX
iD1
r2i C n
nX
jD1
c2j 6  2 C mn: (2)
The sign of equality is valid in (2) if and only if X has constant rows or constant
columns.
As van Dam remarked, inequality (2) refines a result due to A. Khinchin, who
proved
l
mX
iD1
r2i C l
nX
jD1
c2j 6  2 C l2;
where l D max .m; n/; and applied this inequality to establish an important theorem
in additive number theory. (For details we refer to [2].)
We denote the ratio on the left-hand side of (1) by R.m; n/. In view of inequality
(1) it is natural to ask: does there exist a positive lower bound for R.m; n/, which
depends only on m and n? The answer is “no”! Indeed, if we set x11 D x22 D 1,
x12 D x21 D −1, and all other xij equal to 0, then we get R.m; n/ D 0. Hence, we
have: if m > 2 and n > 2, then
0 6 R.m; n/ 6 1; (3)
where both bounds are sharp. (We remark that R.1; n/ D R.m; 1/ D 1.) If all entries
are non-negative (but not all equal to 0), then we conclude from Proposition 1 that
the upper bound in (3) cannot be improved. However, in this case we can replace the
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lower bound 0 by a positive term. It is the aim of this note to prove the following
sharp converse of inequality (1).
Theorem. Let .xij / be an m  n matrix with non-negative real entries, which are
not all equal to 0. Then we have
m C n
mn C min.m; n/ 6
m
Pm
iD1
Pn
jD1 xij
2 C nPnjD1 (PmiD1 xij 2Pm
iD1
Pn
jD1 xij
2 C mnPmiD1 PnjD1 x2ij
: (4)
If m D 1 or n D 1; then the sign of equality holds in (4). If 2 6 m 6 n; then equality
is valid in (4) if and only if r1 D    D rm and
x2ij D rixij D cjxij .i D 1; : : : ;mI j D 1; : : : ; n/: (5)
If 2 6 n 6 m; then equality is valid in (4) if and only if c1 D    D cn and (5) holds.
Here,
ri D
nX
jD1
xij and cj D
mX
iD1
xij
denote the row sums and the column sums, respectively.
Proof. First, we assume that m 6 n. Then, (4) can be written as S.m; n/ > 0, where
S.m; n/D m
2.n C 1/
m C n
mX
iD1
r2i C
mn.n C 1/
m C n
nX
jD1
c2j
−
0
@ mX
iD1
nX
jD1
xij
1
A
2
− mn
mX
iD1
nX
jD1
x2ij : (6)
Applying Lagrange’s identity
 
mX
iD1
aibi
!2
D
mX
iD1
a2i
mX
iD1
b2i −
X
16k<l6m
.akbl − albk/2
(see [1, p. 41]) with ai D ri and bi D 1 .i D 1; : : : ;m/, we obtain
−
0
@ mX
iD1
nX
jD1
xij
1
A
2
D −m
mX
iD1
r2i C
X
16k<l6m
.rk − rl/2; (7)
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so that (6) and (7) yield
S.m; n/D mn.m − 1/
m C n
mX
iD1
r2i C
mn.n C 1/
m C n
nX
jD1
c2j
− mn
mX
iD1
nX
jD1
x2ij C
X
16k<l6m
.rk − rl/2: (8)
Since
mn D mn.m − 1/
m C n C
mn.n C 1/
m C n ;
we get from (8) the representation
S.m; n/D mn.m − 1/
m C n
mX
iD1
nX
jD1
Txij .ri − xij /U
C mn.n C 1/
m C n
nX
jD1
mX
iD1
Txij .cj − xij /U
C
X
16k<l6m
.rk − rl/2: (9)
Let m > n. Using the same arguments as in the first part of the proof, we obtain that
(4) is equivalent to T .m; n/ > 0, where
T .m; n/D mn.n − 1/
m C n
nX
jD1
mX
iD1
Txij .cj − xij /U
C mn.m C 1/
m C n
mX
iD1
nX
jD1
Txij .ri − xij /U
C
X
16k<l6n
.ck − cl/2: (10)
Since all xij are non-negative, we have
ri − xij > 0 and cj − xij > 0 .i D 1; : : : ;mI j D 1; : : : ; n/;
so that identities (9) and (10) show that S.m; n/ > 0 and T .m; n/ > 0, respectively.
Hence, inequality (4) is valid for all m and n. Moreover, we conclude: if 2 6 m 6 n,
then equality holds in (4) if and only if r1 D    D rm and (5) is valid; and, if 2 6
n 6 m, then equality holds in (4) if and only if c1 D    D cn and (5) is valid. This
completes the proof of the theorem. 
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As an immediate consequence of our theorem we obtain the following striking
companion of Proposition 2.
Corollary. Let .xij / be an m  n .0; 1/-matrix with row sums ri ; column sums cj ;
and entries summing to  > 0. Then we have
m C n
mn C min.m; n/
2 C .m C n/mn
mn C min.m; n/ 6 m
mX
iD1
r2i C n
nX
jD1
c2j : (11)
If m D 1 or n D 1; then the sign of equality is valid in (11). If 2 6 m 6 n; then
equality holds in (11) if and only if each row has exactly one 1 and each column has
at most one 1. If 2 6 n 6 m; then equality holds in (11) if and only if each row has
at most one 1 and each column has exactly one 1.
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